The realization of hybrid entanglement between a microscopic (quantum) and a macroscopic (classical) system, in analogy to the situation of the famous Schr€ odinger's cat paradox, is an important milestone, both from the fundamental perspective and for possible applications in the processing of quantum information. The most straightforward optical implementation of this condition is that of the entanglement between a single-photon and a coherent state. In this work, we describe the¯rst step towards the generation of this type of hybrid entanglement from the experimental perspective.
Introduction
One of the fundamental and still open questions of quantum mechanics is related to the border between quantum and classical domains. It is well represented in the socalled Schr€ odinger's cat paradox, 1 where the states of a microscopic quantum system (an atom) and a macroscopic classical one (a cat) were assumed to be entangled.
In the optical domain, microscopic-macroscopic entanglement has recently been the subject of intense experimental research. [2] [3] [4] A possible optical implementation of the Schr€ odinger's cat entangled state can be realized considering the hybrid entanglement of the state of a single photon with that of a coherent state. Indeed, coherent states can be treated semiclassically (i.e. classical light with stochastic°uctuations) in many situations, and are therefore considered as a good picture of a macroscopic state of light. On the other hand, a single-photon constitutes the minimum, quantized amount of energy available in a given mode of light, so it represents the best example of a microscopic optical quantum system.
The ability to generate entanglement between these two kinds of systems would represent the optical analog of the Schr€ odinger's cat situation and could help to shed light on the quantum-to-classical transition mechanism.
Besides its fundamental implications, this new kind of hybrid entanglement can mark the start of a radically new line of quantum optical technologies that fully exploit the complementary wave and particle nature of light. The hybrid strategy combines two usually separated approaches, i.e. the discrete-and the continuousvariable (DV and CV) methods, into an integrated platform for quantum information processing, including communication, computing and metrology. In fact, optical quantum information processing schemes solely based upon either discrete or continuous degrees of freedom su®er from fundamental as well as practical limitations. DV schemes can achieve¯delities close to unity, but usually at the expense of probabilistic implementations which make them hard to scale. On the other hand, CV methods can bene¯t from unconditional (deterministic) operations, high detection e±ciencies, unambiguous state discrimination and more practical interfacing with conventional information technology. However, they su®er from a strong sensitivity to losses and intrinsically limited¯delities. Moreover, the usual, so-called, Gaussian resources (states and operations) of the CV toolbox are not su±cient to execute important tasks like entanglement distillation, quantum error correction, nor universal quantum computing.
A hybrid scheme exploiting, at the same time, both DV and CV states, encodings, gates, measurements, and techniques, would allow one to circumvent most of those limitations and to develop unprecedented capabilities. 5, 6 Furthermore, the generation of high-¯delity hybrid entangled states may allow the construction of interfaces between parts of a future heterogeneous quantum network where information can be transferred, manipulated, and stored, using di®erent encodings according to the di®erent physical platforms involved.
The Hybrid Entangled State
The hybrid entangled state considered in this work is
where j0i is the vacuum state, j1i the single-photon state, and jAE f i coherent states with amplitudes AE f . As stated above, this state can be considered as the optical implementation of the Schr€ odinger's Gedanken experiment, as it manifests entanglement between quantum (single-photon) and classical (coherent) states of light. The degree of entanglement depends on the amplitude f of the coherent state component: The state becomes factorizable for f ! 0; on the other hand, it becomes more entangled the more macroscopic the classical part is, i.e. in the limit of f ) 1, when the two coherent states jAE f i minimize their overlap.
So far, the main proposals for the generation of this kind of hybrid entangled states [7] [8] [9] were based on cross-Kerr interaction of single photons and coherent states in a crystal; however, it is well known that this type of nonlinearity is extremely di±cult to achieve in practice.
In this work we describe an accessible scheme 10 for the generation of hybrid entanglement of the form of Eq. (1). The main advantage of our approach and of similar ones 11 recently demonstrated, is that it is not based on cross-Kerr interaction, but simply relies upon the realization of a superposition of photon creation operations on two distinct modes.
One may¯rst observe that a single-photon-added coherent state (SPACS), 12, 13 j; 1i, the result of the application of the photon creation operator onto a coherent state with amplitude , can well approximate another coherent state of larger amplitude g, with the gain factor g ! 1:
with the normalization factor 1= ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 1 þ jj 2 p . The¯delity between the SPACS and a larger coherent state can be easily calculated as
and it is maximized when g is equal to its optimal value
For large coherent state amplitudes, i.e. in the limit of ) 1, the gain decreases (g opt ! 1), but the¯delity of the SPACS to a larger coherent state jg opt i reaches the maximum value, F ! 1. For small coherent state amplitudes, the gain becomes larger, but the corresponding¯delity of the resulting SPACS to a coherent state decreases. A value F % 0:95 can be obtained with an initial coherent state % 1:5.
The next step, is the implementation of the superposition
where is the relative phase between the coe±cients r, t, taken as real. This kind of operation can be implemented by using two single-photon-addition devices on modes 1 and 2. The single-photon addition operation can be experimentally realized in the signal mode of a low-gain parametric down-converter upon detection of an idler photon. 13, 14 If we mix the heralding idler photons of two downconverters onto a beam-splitter (BS) of transmittivity t and re°ectivity r ¼ ffiffiffiffiffiffiffiffiffiffiffiffi ffi 1 À t 2 p with a relative phase , a click in a single-photon detector at one of the outputs erases the information as to which ofâ † 1 orâ † 2 occurred, while making sure that one of these two events certainly happened. 15 In our work, the operation (5) is applied to the initial state j0i 1 j i i 2
The photon addition can thus either take place in the¯rst mode, creating a single photon j1i 1 and leaving unchanged the initial coherent state j i i 2 or in the second one, leaving the vacuum j0i 1 and producing a SPACSâ † 2 j i i 2 in the second mode.
a The signal mode of the¯rst down-converter is not seeded, whereas a coherent state is injected in the signal mode of the second. (4)) is de¯ned as the gain g that maximizes the¯delity between the SPACSâ † ji and the coherent state jgi as a function of . The plotted¯delity is the one calculated for such an optimal gain. The factor
is the global normalization factor and the phase has been set to 0 for simplicity in this case.
It is important to note that the stateâ † 2 j i i 2 is not normalized (see Eq. (2)); therefore, a balanced superposition in Eq. (6) cannot be simply obtained by using a 50% beam-splitter, because the coe±cients of the superposition itself do not depend on the re°ectivity only. The intuitive reason is that the photon addition in the second down-converter is a stimulated process and is therefore more likely than the spontaneous one in the¯rst. The ratio between the two depends on the mean photon number in the injected signal mode so, in the case of coherent state seeding, it is 1 þ jj 2 . In order to balance the two terms of the entangled state, this di®erence should be compensated by adjusting the BS transmittivity t as:
as obtained by imposing
The BS setting, that is the value t that makes the superposition balanced, therefore depends on .
Once the probabilities are balanced, the resulting state becomes
The state of Eq. (9) already presents the desired kind of entanglement between a single photon and a coherent state but it is not yet in the symmetric form of Eq. (1), which is usually considered as the basis for quantum information processing. 5 In order to achieve the desired form, one can we apply a displacement operator on mode 2 that translates back both coherent states j i i 2 and gj i i 2 towards the origin of phase-space by an amount corresponding to their center of gravity 1=2ð i þ g i Þ such that
Experimental State Generation
The experimental generation of small-scale hybrid entangled states is implemented by using the idea depicted above of a coherent superposition of two single-photonaddition operations onto two distinct modes containing the vacuum and a coherent 16 experiments and of time-bin encoding of quantum information. 17 The particular scheme adopted in our experiment was¯rst developed and used for the remote generation of temporally delocalized single-photon states 18 and has several practical advantages compares to its spatial-mode version. By operating in the time domain on the same spatial mode, a single parametric down-converter is required for implementing photon addition, and a single homodyne detector su±ces for the analysis of the two modes.
The basic light source for the experiment is a 1.5 ps mode-locked Ti:sapphire laser centered at 785 nm, and with a repetition rate of 80 MHz. The pump radiation for the parametric down-conversion is obtained by frequency-doubling the laser light in a LBO crystal (see Fig. 2 ). We produced the temporal version of the superposition of single-photon addition operators (Eq. (5)), by passing the idler photons emitted by a type-I parametric down-conversion BBO crystal through an unbalanced MachZehnder interferometer based on single-mode¯bers. Idler light is coupled into the interferometer after being spectrally¯ltered by means of a couple of etalon¯lters tuned to the laser wavelength. This spectral¯lter is essential to produce a pure state instead of a mixture in the signal mode.
When an idler photon is detected at one of the outputs of the interferometer it is not possible to distinguish, not even in principle, if it passed through the short or the long arm; as a consequence, the superposition râ
is heralded onto the two temporal modes t 1 and t 2 in the signal mode. The delay ðt 2 À t 1 Þ, de¯ned as the di®erence between the two optical paths in the Mach-Zehnder interferometer, was made equal to twice the temporal di®erence T p between successive pulses in the laser train (2T p % 24 ns). In principle, one could simply choose T p as the time separation between the two analyzed modes, but we decided to use 2T p instead, to improve the discrimination of the modes during the homodyne detection.
As previously discussed, in order to obtain the state of Eq. (6) we need to seed the signal mode of the parametric crystal with the state j0i t 1 j i i t 2 , given by vacuum in the¯rst temporal mode and a coherent state of amplitude i in the second. For this purpose, an acousto-optic modulator (AOM) has been inserted in the path of an attenuated portion of the laser pulse train to work as a pulse-picker. In principle, one could operate the AOM at a rate given by the inverse of the delay imposed by the interferometer, i.e. about 40 MHz. However, bandwidth limitations in the AOM driver and trigger electronics forced us to use a lower rate of about 10 MHz. The AOM thus transmits one in every eight pulses of the train and reduces the acquisition rate of the experiment at least by a factor of 8. Considering the losses in the interferometer and the fact that we only use one of its outputs, the overall acquisition rate of this experiment may drop by almost two orders of magnitude if compared to a typical single-mode photon addition case.
By adjusting the relative transmission and delay between the long and short arm of the interferometer while injecting the two-mode signal state, it is possible to explore the whole range of coe±cients and relative phases of the superposition (t; in Eq. (5)). For this purpose, we regulated a variable-ratio¯ber coupler and used piezoelectric transducers for a¯ne adjustment of the free-space propagation parts in the Mach-Zehnder interferometer.
As already mentioned above, to generate the balanced state of Eq. (9) two conditions must be ful¯lled: the¯rst is de¯ned by Eq. (8), the second¯xes the relative phase ¼ 0. To achieve this, we adjusted the splitting ratio of the¯ber coupler in order to equalize the idler count rates due to each of the two interferometer arms, rather than simply¯xing it at 50% re°ectivity. Indeed, photon count rates in the short and long paths are proportional to the probabilities of stimulated and spontaneous parametric emission and, in the balanced case, the two terms should be equalized by properly adjusting the coupler re°ectivity.
The phase of the superposition is controlled by the relative¯ne delay between the two optical paths in the interferometer. We monitor such a relative phase by injecting a part of the laser emission through the unused exit port of the interferometer and detecting the interference fringes at the unused input. By actively locking the piezoelectric transducers to a given value of the interference signal, a stable superposition phase is achieved. In particular, we set it to 0 by locking the interferometer to a fringe maximum.
Finally, we performed a coherent displacement on the second temporal mode of the entangled state and produce the symmetric state of Eq. (10) . A coherent phase-space displacement on a single-mode quantum¯eld is usually implemented experimentally by mixing it with an intense coherent state on a low-re°ectivity beam-splitter. Here we do it only on a well-de¯ned temporal mode of a two-temporal-mode entangled state; therefore, an accurate and phase-stable spatial and temporal matching between the signal and the displacement coherent state has to be guaranteed.
We exploited the polarization degree of freedom at this purpose: By using a slightly-rotated half-wave-plate (HWP1) before the BBO crystal, we introduced a horizontal component to the vertically-polarized 10 MHz pulse train coming from the AOM. While the vertical component of the injected coherent states kept serving as the seed for the down-conversion, their synchronized horizontal component passed una®ected through the BBO crystal. The two components were then mixed again with the appropriate ratio by another half-wave-plate (HWP2) after the BBO and before a polarizing beam-splitter (PBS) selected the vertical component for subsequent homodyne analysis.
State Detection and Analysis
As already observed, the heralded approach followed in this experiment implies that the generation of the state is conditioned on some events. By triggering the detection on the periodic signal at 10 MHz used to drive the AOM, we guarantee the presence of the injected coherent state in the signal mode at time t 2 (j0i t 1 j i i t 2 ). The second conditional event is the detection of an idler photon after the interferometer, necessary to cause the collapse of the wave function onto the desired state (see (6) ). In addition, to reduce the dark counts in the idler channel, we synchronized the detection with the laser pulse train at 80 MHz.
We performed independent quadrature measurements on both the temporal modes of interest by time-domain balanced homodyne detection at the two corresponding times. The local oscillator for the homodyne detection scheme is a 80 MHz pulse train coming from the same source laser. Each measurement is composed of a pair of quadrature values x t 1 ð t 1 Þ; x t 2 ð t 2 Þ with the phases t 1 , t 2 de¯ned by the local oscillator phases for pulses at times t 1 and t 2 . In principle, one should acquire quadrature measurements while performing a full scan of the two phases t 1 and t 2 independently. However, since it is technically quite demanding to carefully adjust the relative phase between successive pulses in the local oscillator train, we followed an alternative but, from the mathematical point of view, perfectly equivalent, approach. We kept the relative LO phases¯xed and scanned the superposition phase of the entangled state instead.
In fact, let us consider the application of the creation operator superposition of Eq. (5) onto a two-mode state containing a Fock state in the¯rst mode:
with j 0 i 2 ¼â † 2 j i 2 . We stress that we are considering a general state subjected to the only condition of having a Fock state on one of the two modes. Let us now calculate the two-mode quadrature probability distribution
where we have used the fact that hxðÞjni ¼ e i hxjni and P n ½xðÞ ¼ jhxjnij 2 is the phase-independent quadrature distribution for the Fock states. The full two-mode quadrature probability distribution is only seen to depend on the LO phase 2 and on the sum of the LO phase in the¯rst mode 1 and of the superposition phase , whose roles are thus interchangeable. Therefore, for the class of states investigated here, it is possible, and perfectly equivalent, to perform quantum tomography by using a common local oscillator phase for the two modes ( ¼ t 1 ¼ t 2 ) and varying the state superposition phase , instead of keeping the state¯xed and scanning the two LO phases during the homodyne acquisition.
About 6 Â 10 5 quadrature pairs are acquired to perform the full tomography of each state using a two-mode extended maximum-likelihood-based algorithm. 19, 20 The dimensions of the reconstructed density matrices in the Fock basis are adjusted to the size of the investigated states. Therefore, three terms in the Fock expansion are normally used for the¯rst mode (ideally containing just vacuum and single-photon components), whereas up to 25 are necessary for the second mode, containing the coherent and the photon-added coherent states. When dealing with the symmetric hybrid entangled state after phase-space displacement, the e®ective amplitude of the coherent states jAE f i in the symmetric superposition is relatively small and also the number of reconstructed matrix elements for the second mode is thus reduced accordingly. Figure 3 shows the reconstructed density matrix for the experimental hybrid state j O i 12 in the two-mode Fock base. It shows a blocks structure, where each block is related to a given pair of Fock states in the¯rst mode. As expected, the yellow block, corresponding to vacuum in the¯rst mode, represents a photon-added coherent state, while the blue block, corresponding to a single photon in the¯rst mode, represents an unperturbed coherent state. The o®-diagonal blocks show the high coherent nature of the entangled state. The almost negligible red terms indicate the real single-photon nature of the state in the¯rst mode.
Results and Conclusion
In conclusion, we have described a new experimental scheme for the generation of hybrid quantum-classical entangled states based on the superposition of non-Gaussian quantum operators on multiple modes. With respect to other approaches, our proposal uses only currently available resources and does not require unrealistically strong cross-Kerr nonlinearities.
This result may allow the implementation of deterministic quantum logic gates based on linear optics and speci¯cally designed for hybrid qubits. Another possible application could be the implementation of hybrid quantum teleportation protocols between wave-like (coherent state) and particle like (single-photon) states, 21 in order to build a interface for future heterogeneous networks using both CV and DV states.
